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Abstract – We study the Von Neumann and Re´nyi entanglement entropy of long-range harmonic
oscillators (LRHO) by both theoretical and numerical means. We show that the entanglement
entropy in massless harmonic oscillators increases logarithmically with the sub-system size as
S =
ceff
3
log l. Although the entanglement entropy of LRHO’s shares some similarities with the
entanglement entropy at conformal critical points we show that the Re´nyi entanglement entropy
presents some deviations from the expected conformal behaviour. In the massive case we demon-
strate that the behaviour of the entanglement entropy with respect to the correlation length is
also logarithmic as the short range case.
Introduction. – While the entanglement entropy of
short-range interacting quantum systems in one dimension
is well studied with many different techniques [1], such as
hamiltonian techniques [2–5], euclidean methods [6,7] and
conformal field theory [8, 9] there are few results concern-
ing the long-range interacting systems. The main difficulty
is the lack of exact solution for these systems which makes
the problem much harder than the short-range counter-
parts. Because of the presence of non-trivial dynamical ex-
ponents the common euclidean techniques are usually use-
less in calculating the entanglement entropy in these sys-
tems. It is worth mentioning that although having a non-
trivial dynamical exponents is not restricted to just long-
range interacting systems, see for example [10, 11], they
usually provide a very natural knob to change it arbitrar-
ily. Because of the huge finite size effects in these systems
even the numerical calculations are not easy as their short-
range counterparts. Nevertheless, recently much progress
has been made in different directions: In [12] the entan-
glement entropy in Lipkin-Meshkov-Glick (LMG) model
is studied. This model has hamiltonian similar to the XY
model but while in the latter model the interaction only
takes place between nearest neighbors, in the LMG model,
all spins interact among themselves. In [13], the interac-
tions are restricted to the Ising-type without external mag-
netic field which allows to study both the static and the
dynamical entanglement properties of the system. Eisert
et. all [14] found a logarithmically divergent geometric en-
tropy in free fermions with long-range unshielded Coulomb
interaction. Plenio et.all [15] studied the general proper-
ties of the entanglement entropy for interacting harmonic
oscillators. In particular they found that the area law
should be valid in higher dimensions even for long-range
interacting harmonic oscillators, and most recently the en-
tanglement entropy for the long range anti-ferromagnetic
Ising chain is calculated by numerical means [16]. Finally
we should mention that in [17] based on the matrix prod-
uct states it was argued that for those long-range systems
that do not have any short-range counterparts, in other
words one can not approximate the ground state of the
long-range model with the ground state of another short-
range model, the presence of the long-range interaction
implies larger entanglement entropy or the volume scaling
of the entropy.
Harmonic oscillators are the building blocks of many
quantum mechanical and field theoretical systems and of
course this is also true for most of the long-range inter-
acting quantum systems and non-local field theories. In
this work we study the entanglement entropy of long-range
harmonic oscillators in the massless and massive cases.
The main approach we have used is the so called hamil-
tonian technique, which was first introduced in [2] and
then elaborated in [7], for review see [5, 6]. The impor-
tant advantage of this method with respect to the others
in calculating the entanglement entropy in our problem is
that, firstly it is possible, to a large extent, to carry out
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Fig. 1: (colour online). Phase diagram of LRHO in the pa-
rameter space (α,m). The gapless region (I) is highlighted by
bold red line. The system in the region (II) is gapped.
the calculations exactly, and on top of that the numerical
calculations are very easy to implement. We will consider
the lattice and continuum calculations in parallel. We
first introduce the method and then apply it directly to
our problem. In the analytical side we will write the main
eigenvalue problem exactly, then we will try to find ap-
proximate solutions by using our numerical calculations.
Using the solutions of the eigenvalue problem we then also
calculate the Re´nyi entanglement entropy and finally we
will solve numerically the problem of the massive interact-
ing long-range harmonic oscillators.
Results. – The entanglement entropy of a subsystem
A is defined by using reduced density matrix ρA as
SA = −trρA log ρA. (1)
In this work we consider three main kinds of subsystems.
In the massless case we consider two kinds of systems: in
the first one the system is large and A is a small sub-system
with length l and in the second case the system is finite
with length L and the sub-system is just half of it with
length L/2. In the massive case the system is large and
the sub-system is just half of the system. We will provide
approximate formula just for the first case and study the
two other cases numerically.
We define the hamiltonian of one dimensional interact-
ing harmonic oscillators as
H =
1
2
N∑
i=1
φ˙i
2
+
1
2
N∑
i,j=1
φiKijφj , (2)
where on the lattice we take
Ki,j =
∫ 2pi
0
dq
2pi
eiq(i−j){− [2(1− cos(q))]α2 +mα}
=
Γ(−α2 + i− j)Γ(α+ 1)
piΓ(1 + α2 + i− j)
sin(
α
2
pi) +mαδi,j ,
(3)
In the special case when α/2 is an integer, K(n) =
(−1)α−n+1Cα,α
2
+n, where Cα,α
2
+n are binomial coeffi-
cients. In this case we remark that K(n) = 0 for n > α/2.
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Fig. 2: (colour online). Entanglement entropy for 1D LRHO:
entanglement entropy changes linearly in the semilog plot in
the region 0 < l < L/100, here we have L = 4000. From top
to bottom α = 1.8, 1.6, 1.4, 1.2, 1.0.
It is easy to see that in the special case α = 2 the K ma-
trix is just a simple laplacian. For non-integer values for
large distances we have K(n) ∼ 1n1+α .
In Fig 1 we depicted the phase diagram of the model
which is gapless for m = 0 and gapped for non-zero value
of m for any value of α.
In the continuum limit the above hamiltonian can be
written as
1
2
N∑
i,j=1
φiKijφj →
∫
[−1
2
φ(x)(−▽)α/2φ(x) + 1
2
mαφ2]dx,
(4)
where −(−▽)α/2 is the fractional laplacian defined by its
Fourier transform |q|α.
To measure the entanglement entropy of a sub-system
with length l of an infinite system we follow the method
explained in [7]. First we make the matrices W = K1/2
and W−1 = K−1/2. In the continuum limit they have the
following forms
W±1(x, y) =
1
2pi
∫ ∞
−∞
dk(|k|α +mα)±1/2eik.(x−y)
=
1
2Γ[∓α/2] cos(piα4 )
1
(x− y)1±α/2 +O(m
α).
(5)
Then we define the matrix Λ by multiplying W and
W−1 in the complement of the sub-region l
Λ(x, y) = −
∫
Ω
dz
(
W−1(x, z)W (z, y)
)
= A


2
((
l−x
l−y
)α/2
−
(
x
y
)α/2)
α(x − y)

 ,
(6)
where Ω ∈ (−∞ < z < 0) ∪ (l < z <∞) and A =
1
4Γ[−α/2]Γ[α/2] cos2(piα
4
) . For α = 2 the matrix has a
different form pi2Λ(x, y) = (l−x) log(l−x)−(l−y) log(l−y)(l−y)(y−x) −
2
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Fig. 3: (colour online). Green (Dark gray) circles represent
ceff (α) for discrete systems with size L = 6000. The prefactor
ceff (α) is measured using the scaling relation S with log l in
the region 0 < l < L/100. The red line represents the same
quantity coming from the continuum limit approximation.
x log(x)−y log(y)
(y−x)y . We campaired the matrix Λ(x, y) com-
ing from the above equation with numerical Λ and found
a very good agreement when the distances are more than
four lattice sizes. The agreement gets better by increasing
the size of the system.
The entanglement entropy can be expressed directly in
terms of the eigenvalues Ei of the matrix Λ as [2, 7]
S =
∑
Ei
[log
√
Ei
2
+
√
1 + Ei log(
1√
Ei
+
√
1 +
1
Ei
)]. (7)
In the continuum limit one needs to solve the following
eigenvalue problem∫
dyΛ(x, y)ψ(y) = Eψ(x). (8)
At the numerical level we followed the above algorithm
and calculated the entanglement entropy for large enough
system sizes such as L = 5000 and L = 6000, to avoid any
finite size effects [19]. For these sizes the data show stabil-
ity even for very small α’s as far as we take the sub-system
size less than L/100. Interestingly the entanglement en-
tropy grows logarithmically with the sub-system size as
S =
ceff
3
log l, (9)
where ceff is α dependent, see Fig 2. The ceff is max-
imum at the conformal short-range point and it starts to
decrease by decreasing α.
For α = 2 Callan and Wilczek [7] found a good esti-
mation for the eigenvalues of the Λ operator when the
subsystem is half of a finite system. Motivated by their
work we found E(ω) = 1
sinh2(piω)
, where ω(Ei) log(l) =
pii
2
a very good approximation for the eigenvalues of the short-
range case. Based on numerical comparison we found that
apart from a constant the behaviour of the logarithm of
the small eigenvalues (large i, i.e. i > 6) is independent
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Fig. 4: (colour online). cneff versus n for different α’s (from
top to bottom α = 2.0, 1.8, 1.6, 1.4.). The prefactor cneff (α)
is measured using the scaling relation of Sn with log l in the
region 0 < l < L/100 (The system size L = 6000). Red solid
lines come from the continuum limit approximation using the
equation (10). Inset: A and B coefficients versus α.
of α and one can safely conjecture the following behaviour
for the eigenvalues of the Λ operator
E(ω) =
a(α)
sinh2(piω) + b(α)
, (10)
where a(α) and b(α) are functions of α and ω log(l) = pii2 .
Non-zero value of b(α) is necessary to make the formula
compatible with larger eigenvalues. We found a(α) =
α
2 sin
2(piα4 ) and b(α) = 0.1146α+ 0.1868α
2 − 0.1988α3 +
0.03771α4 best fit functions to our numerical data. The
value of b(α) is zero at α = 0 and 2 and it has a maximum
at α = 1. In principle b(α) might be not a simple polyno-
mial. Using the above formula one can get the logarithmic
behaviour for the entanglement entropy for free and the
ceff is
ceff (α) =
6
pi
∫ ∞
0
dω
[
log
√
E(ω)
2
+
√
1 + E(ω)
× log( 1√
E(ω)
+
√
1 +
1
E(ω)
)
]
.
(11)
In Fig 3 we compare the result coming from the above
formula and the numerical calculations, with excellent
agreement. The logarithmic behaviour of the entangle-
ment entropy is reminiscent of the presence of conformal
symmetry. To check this point we calculated the entangle-
ment Re´nyi entropy using the same technique. The Re´nyi
entropy Sn is defined as
Sn =
1
1− n log trρ
n, n > 1 (12)
and can be calculated using the folowing formula [6]
Sn =
1
n− 1
∑
i
(log(1− ξn)− n log(1− ξ)). (13)
3
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Fig. 5: (colour online). The dark blue (black) stars are the
prefactors of the entanglement entropy for the massless system
with length L, i.e. cFeff = 6S/ logL, (L ∈ (1000 − 4000)). The
light green (light gray) circles are the prefactors for the entan-
glement entropy of the massive systems, i.e. cgeff = 6S/ logm.
The quantity cgeff is measured using the best fit to S in the
saturation regime versus logm, where m ∈
(
10−3 − 10−2
)
and
the system size L = 4000.
where ξ =
√
1+Ei−1√
1+Ei+1
with Ei as the eigenvalues of the Λ
matrix. In conformal invariant systems S changes loga-
rithmically with a prefactor c6 (1+
1
n ), where c is the central
charge [9]. We found that in LRHO the Re´nyi entropy is
also increases with the sub-system size logarithmically as
Sn =
cneff
3 log(l). We have depicted c
n
eff versus n in Fig 4.
The best fit is cneff =
ceff
2 (A(α) + B(α)/n) where A(α)
and B(α) are functions of α. The α dependency of these
coefficients shows that this system is not conformally in-
variant except at α = 2 where we have A = B = 1. This is
not surprising because it is well-known that in long-range
systems we expect conformal symmetry just when the dy-
namical critical exponent z is equal to one while in our
system the dynamical critical exponent is z = α2 [18].
In the continuum limit one can write (13) as
Sn =
log(l)
pi(n− 1)
∫ ∞
0
dω (log(1− ξn)− n log(1 − ξ)) , (14)
where ξ =
√
1+E(ω)−1√
1+E(ω)+1
and E(ω) comes from Eq. (10).
After doing the integration numerically one can find cneff
versus n, see Fig 4. The perfect agreement between nu-
merical calculation and the continuum limit results is an-
other support for the accuracy of the Eq. (10).
Now we discuss the effect of boundary condition to the
entanglement entropy. The most interesting one is the
free boundary condition, which we take a finite system
with half of it as the subsystem. In this case we define the
K matrix by throwing away the elements of the infinite
matrix which is not inside the system. The immediate
problem that we face is then that we are not able to write
theW matrices analytically because in the presence of the
boundary we are not allowed to use Fourier transform. In
this case we follow all the calculations numerically. The
algorithm is the same and interestingly we found again
logarithmic behaviour for the entanglement entropy with
respect to the size of the system
cFeff
6 logL. The prefactor
cFeff is in general different from ceff except at conformal
point, see Fig 5. This fact indicates that in the long-range
interacting systems the entanglement entropy of a sub-
system is not equal to the summation of the contribution
of each boundary of the sub-system with its complement.
Finally we report the entanglement entropy of massive
long-range interacting harmonic oscillators. The entan-
glement entropy of the positive half of an infinite massive
system for short-range models comes from the Cardy- Cal-
abrese formula S = − c6 logm where c is the central charge
of the system and it is one for short-range harmonic oscil-
lators [9]. We calculated the same quantity for the long-
range interacting systems. We found that S saturates in
l →∞ limit, and changes logarithmically with respect to
the mass as
S = −c
g
eff
6
logm, (15)
where cgeff is different from ceff except at the α = 2. We
should mention that the presence of the pseudo central
charge in long-range systems was already reported in [16].
It is worth to mention that interestingly cgeff is equal to
the prefactor of the free boundary condition case, see Fig
5. This can be understood as follows: In the definition of
theK matrix for free boundary condition we assumed that
we just throw away those elements of the infinite system
which are not inside the corresponding finite system which
makes the summation of the every row of the matrix non-
zero. This can show itself as an effective mass. One can
check this guess by looking to the entanglement entropy
of a subsystem of a large but finite system. By throwing
away some elements of the infinite K matrix we make
the system gapped then one can easily check that one can
introduce the same amount of gap by putting some mass in
the infinite system. The corresponding mass is equivalent
to correlation length ζ = 1
mα/2
. As far as one takes a
subsystem smaller than this length one will get just ceff
but if we take the subsystem bigger than this length then
the boundary effect will show itself as the mass gap.
Finally it is worth mentioning that since in the long-
range interacting systems the correlation length changes
as 1
mα/2
one might expect that the the entanglement en-
tropy be proportional to log ζ and then expect that cgeff
be proportional to α. Although it seems that this is the
case in the region 1 < α < 2 the slop that we find is
not compatible with the natural expectation cgeff = 0 at
α = 0. Moreover our primary numerical calculations show
strong deviation from the linear behaviour close to α = 0
Conclusion and outline. – : In this paper we have
found the entanglement entropy of long-range harmonic
oscillators using the hamiltonian technique. When we con-
sider a sub-system with length l the entanglement entropy
follows the logarithmic behaviour as the short range cases
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but the prefactor is dependent on the power of the inter-
action α.
Although it is tempting to interpret the prefactor of
the logarithm ceff as the effective central charge of the
system, by calculating the Re´nyi entropy we showed that
the nature of this prefactor is different from the central
charge at least at the level of the Re´nyi entropy.
This result is in contradiction with the theorem proved
in [17], the reason is that the ground state of our long-
range hamiltonian does not necessarily related to the
ground state of any short-range hamiltonian! This is sim-
ply because if it was possible to approximate the ground
state of our hamiltonian with ground state of a short-range
hamiltonian we would expect conformal symmetry which
is not the case in our model. The nature of this discrep-
ancy is not clear for us.
We also calculated entanglement entropy for two other
interesting cases, the system with boundary and also the
massive case. Interestingly we found that the prefactor is
the same in these two different cases, however, it is dif-
ferent from the massless infinite system. Our study shows
that the entanglement entropy of long-range interacting
systems shows some similarities with the entanglement en-
tropy of short-range systems , however, since they have
very different symmetries they start to show strong differ-
ences when we study their replica behaviour. We believe
that long-range interacting systems show interesting fea-
tures which deserve more intense studies. Our work can
be extended in many directions: calculating the entangle-
ment entropy in higher dimensions, the dynamics of the
entanglement entropy and the finite size effects are just
few among many other interesting directions.
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